Mathematics 234, Fall 2004 Lecture 3 (Wilson)
First Midterm Exam  October 4, 2004 ANSWERS

Problem 1
In class we saw pictures of the helix (corkscrew) given by the position vector

7(t) = sin(t)7+ t 7+ cos(t)k.

Calculate the arclength of one turn of this helix, from ¢ = 0 to ¢t = 27.
ANSWER: The velocity vector 7(t) is cos(t)7+7—sin(t)k, so |7] is \/0052(t) + 1 +sin®(t) = V2
at any value of . Thus the arclength is

2
/ V3 dt = 2V,
0

Problem 2
Let  #(t) = 3sin(t)7+ 3cos(t)7+ 4tk describe the motion of an object along a curve in
space. Find as functions of ¢:

(a) The velocity ¥/(t)
(b) The acceleration a(t)

¢) The unit tangent vector T'(£)

)
(c)
(d) The principal unit normal vector N (¢)
e) The curvature x(t)

)

(
(f) The tangential (scalar) component of acceleration ar

(g) The normal (scalar) component of acceleration ay
ANSWERS: Differentiating,
7(t) = 3cos(t)7— 3sin(t)7+ 4k
and
@(t) = —3sin(t)7— 3 cos(t)]+ OF.
To find T, we need a vector of unit length in the direction of #(t). The magnitude of #(¢) is
[7(t)] = /9 cos?(t) + 9sin®() + 16 = v/25 = 5. Thus

(SN

k.

There are several ways to proceed to N. One way is to go ahead and find the components of
acceleration, ar and ay, and since we need them anyway I will do that. For the tangential
component we have

ar(t) = @(t) - T(t) = —3sin(t) x gcos(t) + (—3cos(t)) x (—%sin(t)) 10 x g ~0.
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