ALGEBRA QUALIFYING EXAM
January, 1988

Instructions: Do precisely 4 of the following 8 problems.

1. Let G be a group (not necessarily finite). A subgroup N of G is
said to be minimal normal in G if 1 # N 4G and there is no nonidentity
normal subgroup of G properly contained in N.

Suppose N i3 a minimal normal subgroup of G and M is a minimal
normal subgroup of N.

i. Let g € G. If M? # M, prove that M? centralizes M. (4 points)

ii. Show that M is a simple group. (6 poihts)

2. Let R be a ring (with 1) and V a right R-module. V is said to
be Noetherian (respectively, Artinian) if its set of submodules satisfies the
ascending (respectively, descending) chain condition. A submodule W of
V is complemented if there exists a submodule U of V with V the internal
direct sum V = W+U.

Suppose now that V is a Noetherian R-module and that every maximal
submodule of V' is complemented.

i. Prove that V is a direct sum of a finite number of simple submodules.
(7 points) -

ii. Prove that V is Artinian. (3 points)

3. Let f(z) € Q[z] be an irreducible polynomial over the field of
rationals Q. Suppose there exist two distinct complex numbers a and
with f(a) = 0 = f(F) and a/8 € Q.

i. Show that § = —a. (5 points)

ii. If 4 is any complex root of f(z), prove that —y is also a root. (5
points)

4. Let V be a vector space over a field F and let (, ) be a bilinear form
from V x V to F. Assume that (v,w) = 0 implies (w,v) =0 for v,w € V.

i. Suppose 2z € V with (2,2) # 0and let U = {u € V | (2,u) = 0 }.
Show that (z,y) = (y,) for all z,y € U. (5 points)

ii. Prove that either (v,w) = (w,v) for all v,w € V or (v,v) = 0 for
all v € V. (5 points)






