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Instructions: Do six of the nine questions. To facilitate grading, please use a separate packet of paper for
each question. To receive credit on a problem, you must show your work and justify your conclusions.
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Standard notation used on the Analysis exams:

R and C denote the fields of real and complex numbers respectively.

) D = {z € C||z] < 1} denotes the unit disc in the complex plane.

For points r and y in R", |z — y| denotes the Euclidean distance between the points.
If E C R" is a Lebesgue measurable set, then |E 1 denotes its Lebesgue measure.

) If 4i is a positive measure on a set X, and f is a complex valued measurable function on X, then for
1 <p< 400,

It = [ [ 1@ dut@)] "

Two functions on X are said to be equivalent if they are equal except on a set of 4 measure zero. For
1 <p< +00, LP(X) = LP(X,du) is the space of equivalence classes of complex valued measurable
functions such that || f]|, < +co.

If i is a positive measure on a set X, and f is a complex valued measurable function on X, then
Iflloo = inf {t > 0|p({z € X||f(z)| > t}) = 0}.

L*®(X) is the space of equivalence classes of measurable, complex valued functions on X such that

1 fllos < +00.

L? (R) is the space of measurable, complex valued functions on R which belong to LP(K) for every
compact set K CC R.

If f and g are measurable functions on R, the convolution f * g is defined to be the function

frgl@) = /R flz—t)g(t)dt

whenever the integral converges.

The Doctoral Ezam Committee proofreads the qualifying ezams as carefully as possible. Nevertheless, this
ezam may contain typographical errors. If you have any doubts about the interpretation of a problem, please
consult with the proctor. If you are convinced that a problem has been stated incorrectly, mention this to the
proctor and indicate your interpretation in your solution. In any case, never interpret a problem in such a
way that it becomes trivial.



Problem I Let {a,}, n > 0, be an infinite sequence of complex numbers. Recall that the infinite series

o san converges to a complex number S if and only if the sequence of partial sums {S N = Zf:o an}

converges to S. The infinite series Y oo an is said to be Abel summable to a complex number A if for all
real numbers z with 0 < z < 1, the infinite series Y .., an ™ converges, and limg_,;- Y panz™ = A
(a) Suppose that Y o.,an converges to S. Prove that S gan is Abel summable to S.

(b) Give an example that shows that a series Yo 0Gn canbe Abel summable, but can fail to converge.

(c) Prove thatif a, >0 andif 3 .. ,an is Abel summable to a complex number A, then the
infinite series Y .. ,an converges to A.

Problem II Let {f.}, n > 1, be an infinite sequence of real valued continuous functions defined for all
real numbers = € R. Suppose there is a function g so that f, converges uniformly to g on R.

a) Either prove that f2 converges uniformly to 2 on R, or give a counter-example to this assertion.
n 23 ytog g

(b) Suppose that ¢ is a uniformly continuous function defined on R. Prove that w( frn) converges uniformly
to ¢(g) on R.

(c) Suppose that ¢ is a bounded continuous function defined on R. Either prove that ¢(fn) converges
uniformly to ¢(g), or give a counter-example to this assertion.

(d) Suppose that each f, is continuously differentiable, and that f! converges uniformly to a function h.
Prove directly from the definitions that g is differentiable, and that ¢'(z) = h(z) for all z € R.

Problem III  Let ¢ be an infinitely differentiable funcmon on R® with compact support. Recall that the
2 2
Laplacian is the second order differential operator & = W + ig + i;

: : e(z,y,2) : - ?
(a) For which p > 0 does !1_{)1’(1) /// Tt g2 4 27 dzdydz exist for all such functions @7
|z24y2 422>

(b)  For which p > 0 is it true that A [(12 +y? + 22) ? ] =0 for (z,y,2) # (0,0,0)?

(c) Provethat ¢(0) =lim —— /// Lelwyz) dz dydz.

€0 2 + yz + 22
lz2+y2+ 2|52
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Problem IV Suppose {f.} is a sequence of complex valued measurable functions on the interval [0, 1]
and suppose that lim f,(z) = g(z) for almost every z € [0,1].
n—r00

(a) Prove that g is a measurable function.

(b)  Prove the following version of Egoroff’s Theorem: Given any € > 0, there exists a measurable set
E C [0,1] with the Lebesgue measure |E| < € such that f, — g uniformly on [0, 1]\E.

(You may use without proof the basic properties of Lebesque measure, such as countable additivity. However,
your proof should not depend on quoting results about convergence theorems for Lebesgque integrals.)

Problem V  Let {f,} be a sequence of functions belonging to L'(R), the set of integrable functions on
the real line R. Suppose that there is a measurable function f so that 1i_{n fa(z) = f(z) for almost every
n—oo

z € R. Consider the following statements:
(1) lim /|fn(1:)|dz = A exists.
n—oQ R

(2) /R|f(z)|dx < +00.

@ Jim [ Ifn@)lde = [ 1f@)dz < +oo

(4) lim / |(fn — f)(z)| dz = O for every measurable set E C R.

n—ca E

Discuss (with proofs or examples) which of these four statements do or do not imply other statements in
the list.

+oc - 3
Problem VI Let f € L'(R). For y > 0, define f,(z) = % / {%I—;—l%dt.

(a) Prove that for each y > 0 the function f, € L*(R).

. 2 [t at
(b) Prove that ;%Hf — fylli = 0. (You may use the fact that - /_oo —_(t2 T 1)

(c) Prove that there is a sequence y; — 0 so that for almost all z € R, lim f,,(z) = f(z).
j—»00

(d) A stronger true statement than that in part (c) is that for almost all z € R, lii% fy(z) = f(z). Without
y

giving proofs, discuss some of the steps that are involved in proving this result.






