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Versions for Math 722

Instructions: Do six of the nine questions. To facilitate grading, please use a separate packet of paper for
. each question. To receive credit on a problem, you must show your work and justify your conclusions.

Standard notation used on the Analysis exams:

(1) R and C denote the fields of real and complex numbers respectively.
(2) D = {z € C||z| < 1} denotes the unit disc in the complex plane.
"(3) For points z and y in R, |z — y| denotes the Euclidean distance between the points.
(4) If E C R" is a Lebesgue measurable set, then |E| denotes its Lebesgue measure.
(5) If p is a positive measure on a set X, and f is a complex valued measurable function on X, then for
1 <p<+oo,
' 1/p
171l = [ [ 1@ auta)]
Two functions on X are said to be equivalent if they are equal except on a set of u measure zero. For
1 < p < 400, LP(X) = LP(X,du) is the space of equivalence classes of complex valued measurable

functions such that ||f|], < +oo.
(6) If p is a positive measure on a set X, and f is a complex valued measurable function on X, then

I flleo = inf {t > 0| p({z € X | |f(2)| > t}) = 0}.
L*>(X) is the space of equlvalence classes of measurable, complex valued functions on X such that
[1flleo < +o00.
(7) LE .(R) is the space of measurable, complex valued functions on R which belong to L? (K) for every
compact set K CC R.
(8) If f and g are measurable functions on R, the convolution f * g is defined to be the function

frg(@) = [R fl@—1t)g(t)dt

whenever the integral converges.
(9) If T is a distribution and ¢ is a test function, then (T, <p) denotes the value of the distribution
applied to the test function.

The Doctoral Ezam Committee proofreads the qualifying exams as carefully as possible. Nevertheless, this
ezam may contain typographical errors. If you have any doubts about the interpretation of a problem, please
consult with the proctor. If you are convinced that a problem has been stated incorrectly, mention this to the
proctor and indicate your interpretation in your solution. In any case, never interpret a problem in such a
way that it becomes trivial.






4. For f € L*°(R) and t > 0 define

K@t )= inf {llgllec +tlh'lloo}
f=g+h

so that the infimum is taken over all possible decompositions of f = g + h where
g € L* and h is a C! function with bounded derivative. Moreover let

w(t, f) = sup ISlllg |f(z +s) — f(z)|.

Prove that there exists two positive constants Cy, C> (independent of f and t) so
that for all f € L, 1> 0

C1K(t, f) Sw(t, f) < C2K (3, f)
(i.e. K(t,-) and w(t,-) are uniformly equivalent seminorms).
Hint: For one inequality one has to efficiently decompose f; try a convolution

h = ¢; x f for suitable ¢;.

5. (i) Prove that for 1 < p < 00, a > 1/p

@ [ e

(ii) Is there a p € (1,00) so that (*) remains true for a = 1/p?

/0 ’ f(t)dt'pdx <G, /0 ” |f(z)z'~*|Pdz.

6. Let f be a measurable function on I = [0, 1] and assume that f ¢ L*°(I).
a) Prove that
Tim ||fllp = oo.
b) Can || f||, tend to oo arbitrarily slowly? The precise question is: Is it true
that to every positive function @ on (0,00) with ®(p) — oo there is a measurable
f with || f|l, = oo but || f||, < ®(p) for sufficiently large p?



7C. (i) State the Arzela-Ascoli theorem (which deals with compact subsets of

C(K) for compact K).
(ii) Let {f»} be a sequence of holomorphic functions in {z : |z| < R} and assume

that for alln =0,1,2,...
|fa(2)] < C(|2])

where C(r) < oo for every r < R.
Prove using part (i) that there is a subsequence of {f,} which converges uni-

formly on every compact subset of {2 : |z| < R}.
8C. Let 2 = {2:0 < |2| < 1} and let f be holomorphic in € so that

/ /Q |f(z + iy)|2dedy < oo.

Show that f has a removable singularity at 0, i.e. can be extended to a holomorphic
function on {z : |z| < 1}. :
9C. (i) Compute
oo 2
/ e % dx
0
(by a method of your choice).
(ii) Show that the improper integrals

oo v 2
/ e-—(a-{-z/\)w dz
0

exist for A 7 0 and a > 0 and use contour integrals to deduce their values from (i).
(iii) Show that
lim gle~(a+iN)e’ g
a—0+ 0
exists for A # 0 and compute this limit.

Be careful to justify all steps.



